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Abstract. Farquhar and Gan [8] have proposed a model for the spatial vari-
ation in the isotopic enrichment of H18

2
O across a leaf, which is speci�cally

formulated for monocotyledoneous leaves. The model is based on the interac-
tion between mass 
uxes longitudinally within the xylem, and 
uxes laterally
through veinlets into the lamina mesophyll, where moisture leaves the leaf
through transpiration. The lighter, more abundant, molecule H16

2
O escapes

preferentially with the evaporating water, resulting in the enrichment of H18

2
O

at these sites. Enriched water di�uses throughout the leaf, and it is this spatial
distribution of enriched water which the model seeks to capture. In this paper
we present a general formulation of the model in terms of mass 
ux, extending

it to include variable transpiration rates across the leaf surface, as well as a
tapering xylem. Solutions are developed for the general case and, since the
solutions present in the form of Kummer functions, properties are established
as well as methods for estimating the solutions under certain conditions rel-
evant to the biology. The model output is compared with Gan's data ([10],
[11]) collected from maize plants.
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1. Introduction and motivation

The isotopic distribution of leaf water can provide valuable information concern-
ing the interactions between plants and the environment. Oxygen atoms within leaf
water molecules, may be 16O or 18O: 99:8% of the oxygen isotopes are 16O, but
there is a small percentage of the heavier isotope 18O. As water transpires from
the leaves, the lighter isotope escapes preferentially, facilitating the enrichment of
H182 O within the leaf. The isotope ratio of the enriched leaf water is encoded within
the organic matter of the plant, and since the isotopes interact with atmospheric
gases, this ratio e�ects the isotopic composition of atmospheric CO2.

Rami�cations of this leaf enrichment are broad. Following from the isotopic
exchange between leaf water and atmospheric CO2, the ratio of 18O to 16O in at-
mospheric CO2 provides a means of assessing GPP (gross primary production)[6].
Also, the isotopic variation of atmospheric oxygen can determine the balance be-
tween terrestrial and marine net productivity over millennial time scales. This can
be established from a record of the oxygen isotope ratio in gas extracted from ice
cores. Cellulose encodes humidity and the isotopic composition of source water,
from which temperatures and climate can be reconstructed, and thus previous cli-
matic conditions can be established. And further, these isotopic compositions have
been correlated with yield potential in cereal crops, where di�erences in yield po-
tential arise through genetic di�erences. (For a full discussion of the signi�cance
and rami�cations of this enrichment, see [8].)

In order to inform such applications a number of models, developed for analogous
applications, have been adapted to describe the enrichment of leaf water: the Craig-
Gordon model [4] [5], a two-pool model [9], a P�eclet model [7] and a string-of-lakes
model [12]. For an extensive review of these models see [11]. However, none of
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these models fully explain the observed features of spatial enrichment within the
leaf [11].

The Farquhar-Gan model [8] is a recently proposed model developed to address
previous shortcomings. It is speci�cally a model pertaining to monocotyledoneous
leaves, where the con�guration and leaf transport system have been highly sim-
pli�ed. The model describes the spatial variation of enriched water resulting from
advective and di�usive 
uxes, operating both longitudinally in the xylem and lat-
erally into the lamina mesophyll, within the leaf.

In this paper we provide a succinct mathematical formulation of the Farquhar-
Gan model for the general case of variable transpiration rates along the leaf length.
We describe two distinct methods of solution, and extend the particular solution
presented in [8] to the general case. Since the solution presents in the form of special
functions (hypergeometric Kummer functions) we include methods for estimating
the solution in particular cases, as well as in general. Further, we present mathe-
matically derived properties, which agree with proposed quantities in [8]. We also
extend the formulation to include tapering xylem. In speci�c cases an analytic so-
lution could be attained; however, in the general case numerical methods provided
a means of establishing how the results of this formulation di�ered from those for
which the xylem was assumed cylindrical.

In Sections 2 and 3, we formulate the model and non-dimensionalise the equation.
Section 4 establishes the solution to this equation, and then we examine some of
its properties in Section 5, and interpret them in a biological context in Section 6.
As evaluating the solution is not straightforward without mathematical software,
this is followed by a section on calculating and estimating the solution (Section
7). We adapt the formulation to that for tapering xylem in Section 8, and present
numerical solutions for comparison with the non-tapering case. Finally, Section 9
provides a comparison between the model predictions and data measurments, and
an appraisal of the model.

2. Model formulation

A model for the concentration of isotopes within a leaf is constructed by consid-
ering the mass 
uxes into, and from, the xylem. For any small section of the xylem
`cylinder' there is mass 
ux into a section due to forward advection with the 
ow of
water along the leaf, as well as di�usion (longitudinally). Mass also 
ows laterally
from the xylem into the lamina mesophyll tissue to the sites of evaporation, and
is lost through transpiration. Di�usion operates laterally as well. Our formulation
models the variation of the isotopic concentration in the xylem 
uid, with changing
length l along the vein, assuming that the system is in steady state with respect to
time.

We model the xylem as a cylinder of cross-sectional area ax = ax(l) and length
lm, with l = 0 at the leaf base where water 
ows into the cylinder, and l = lm at the
tip. (A modi�cation for the case of tapering xylem is given in Section 8.) Consider
a section of the xylem `cylinder', from l to (l+�l), as illustrated in Figure 1, where
motion is taken as positive in the direction of increasing l. The model is formulated
by establishing the mass 
ux through this section of the lighter, abundant H162 O,
and then modi�ed to describe the enrichment of the heavier H182 O molecules.

2.1. Mass balance. The rate of change in mass within this section is equal to the
di�erence between the mass entering and the mass leaving. Let M be the bulk
molar mass of the lighter molecule H162 O in a section of unit length. Let J(l; t) be
the molar mass 
ux of H162 O (at l, per unit of area, per unit of time) through the
section. The mass loss from the section, per unit of time, via transpiration is Es�l,
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Figure 1. Diagramatic representation of 
uxes in a section of the
xylem, which lead to equation (3) for the longitudinal 
uxes in the
xylem, and equation (7) for the 
uxes into the lamina mesophyll.

where E = E(l) is the rate of transpiration of H162 O at l, and s the distance from
the xylem over which it acts (equivalent to the interveinal spacing).

Thus, the rate of change in the molar mass of H162 O in the section can be ex-
pressed as,

@(M�l)

@t
= [J(l; t)ax(l)� J(l +�l; t)ax(l +�l)]�E(l)s�l:

Since the system is at steady state with respect to time, the rate of change in
mass (the LHS) is zero and the expression can be considered a function of l alone.
Dividing by �l, and taking the limit as �l ! 0, leads to

(1)
d(Jax)

dl
= �Es:

That is, the total mass 
ux of H162 O is balanced by its loss through transpiration.
However, we are interested in the enrichment of the heavier H182 O molecules within
the leaf, and thus incorporate this aspect into the formulation below.

2.2. Longitudinal advective and di�usive 
uxes in the xylem. The 
ux J
is comprised of two parts: J = C16v(l) � D dC16

dl . The former, an advective 
ux

with the bulk water 
ow C16v(l), where C16 is the molar mass of H
16
2 O per unit of

volume and v(l) is the velocity of the bulk 
ow at l, and the latter, a di�usive 
ux
assumed to operate longitudinally (one dimensional di�usion). To formulate the
model for the heavier isotopes, we assume that the di�usion constant D is the same
for H182 O and H162 O. (There may be slight di�erences between the di�usivities;
however, any such di�erence is very small compared with D, see [14].) Note that
the molar mass of water has C = C18 +C16, where C18 is the concentration of the
heavy H182 O molecules and C16 (as above) is that of the signi�cantly more abundant



4 B. BARNESy, G. FARQUHARy, AND K. GANy

and lighter H162 O. While C18 and C16 may vary, C remains constant with time.
De�ne Rx = C18=C16 and then, in terms of Rx,

C18 =
CRx

1 +Rx
and C16 =

C

1 +Rx
:

From above, applying these expressions for C18 and C16, and with RJ the relative
proportion of heavy molecules with respect to the 
ux J ,

RJJ =
C18
C16

C16v �D
d

dl

�
C18
C16

C16

�

=
RxCv

1 +Rx
�D

d

dl

�
CRx

1 +Rx

�

=
RxCv

1 +Rx
�

DC

(1 +Rx)2
dRx

dl
:

Since the abundance of the heavier H182 O is close to 0:2%, compared with the 99:8%
of H162 O, then Rx � 1 so that C16 � C and the mass 
ux of the heavy isotope can
be expressed as,

RJJ � RxCv �DC
dRx

dl
:

From here forward we will assume equality to hold in the place of these approxi-
mations, since we have shown there to be negligible e�ect on accuracy.

For the mass loss of the heavier isotope in transpiring water, let RE denote
the ratio of the heavy isotope to the lighter one in evaporating water. Thus the
molar mass loss of the heavy isotope from the section, per unit of time, through
transpiration is REEs�l.

Equation (1) for the 
ux of the heavy isotope, becomes

(2)
d(RJJax)

dl
= �REEs:

Thus,

d(RJJax)

dl
=

d(RxCvax)

dl
�
d
�
D d(RxC)

dl ax

�
dl

= �REEs

)
d(RxCvax)

dl
= axD

d2(RxC)

dl2
+D

d(RxC)

dl

dax
dl
�REEs:

Expanding these derivatives, and in the case of `cylidrical' xylem so that dax=dl = 0
(the case of tapering xylem is dealt with in Section 8),

(3) Cvax
dRx

dl
+Rx

d(Cvax)

dl
= axD

d2(RxC)

dl2
�REEs;

Note that v, Rx and E are all functions of l (distance along the leaf).
Now Cv is the bulk 
ow (per unit of area) through the xylem, equivalent to the


ow of H162 O (as discussed above), and can be equated with the water loss through
transpiration via

Cv(l)ax =

Z lm

0

Es dl �

Z l

0

Es dl

def
= Im � I:(4)

Thus I is the water loss (of H162 O) through transpiration from the leaf base to l
along the leaf, and Im is the transpiration loss along the full length. It follows that

(5)
d(Cvax)

dl
= �

dI

dl
= �E(l)s:
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Substituting these equations back into equation (3), rearranging, and noting that
C is constant,

(6) axDC
d2Rx

dl2
� (Im � I)

dRx

dl
+ (Rx �RE)

dI

dl
= 0:

2.3. Advection and di�usion into the lamina. Advection and di�usion 
uxes
into the lamina, in a direction perpendicular to the longitudinal 
uxes considered
above (see Figure 1), are included in the model through a replacement expression
for (Rx�RE). Following Figure 1, for a �xed value of l along the leaf, let R denote
the isotope ratio (abundance of H182 O to H162 O) in water at some point between Rx

(at the xylem) and Re (at the evaporation site), and consider the variation of R
with distance r from the xylem in a direction perpendicular to it. Advection into
the lamina at r, with velocity vr (assumed constant along r), can be expressed as
alRCvr, where al is the area through which the process operates and C � C16 is
assumed a good approximation as discussed in Section 2.2. The opposing di�usion
is proportional to the gradient in the isotope ratio along r, and is expressed as
�alDd(RC)=dr. Thus,

(7) alvrREC = alvrRC � alD
d(RC)

dr
or vrRE = vrR�D

dR

dr
:

Integrating over the distance r (perpendicular to the xylem) r = 0 at the xylem to
r = rR (where the isotope ratio is R), and denoting R = Re as the local isotope
ratio at the sites of evaporation, we can solve this equation to give

R = RE + (Rx �RE)e
vrr=D;(8)

Re = RE + (Rx �RE)e
vrre=D = RE + (Rx �RE)e

Pr :(9)

Equation (8) is the general solution, and equation (9) is the particular solution used
to characterise the system, with r = re the e�ective length from the xylem (at l) to
the transpiration sites. Pr is de�ned as the P�eclet number, and is a measure of the
relative signi�cance of the advective and di�usive processes acting perpendicular to
the xylem into the lamina.

In order to obtain a second expression for R = Re we include some further
system relationships (see [8]). The transpiration rate E is related to the leaf-to-air
humidity di�erence by

(10) E = g(wi � wa);

where g is the conductance to di�usion of water vapour through the boundary layer
and stomata, and wi and wa are the internal (at the evaporation sites) and external
(ambient) humidities, respectively. Further, the local isotope ratio at the sites of
evaporation, Re, is related to that of the transpiring water, RE , via

(11) REE =
g

�k

�
Re

�+
wi �Rvwa

�
;

where �k is the overall fractionation associated with di�usion, �+ is the depression
of vapour pressure of the heavier isotope, and Rv is the isotope ratio of water
vapour. Now dividing equation (11) by equation (10) and rearranging the terms,
we obtain a second expression for Re,

(12) Re = �+�k(1� h)RE + �+hRv:

We note here that, along the pathway of evaporative enrichment, the isotope
ratios at the sites of evaporation and the evaporative 
ux could become equal at
some maximum value RM = Re = RE . From equation (12), with RM = Re = RE

(13) RM =
�+hRv

1� �+�k(1� h)
:
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Equating the two expressions for Re, equations (9) and (12), and including equa-
tion (13),

RE =
�+hRv �Rxe

Pr

1� ePr � �+�k(1� h)

=

�
Rxe

Pr

h0
�RM

�
k;(14)

where

h0 = 1� �+�k(1� h) and k =
h0

ePr � h0
:

Using equation (14), we can now derive an expression for (Rx � RE) which
includes the e�ect of di�usion between the lamina and the xylem:

Rx �RE = Rx � k

�
Rxe

Pr

h0
�RM

�

= kRM �

�
k
ePr

h0
� 1

�
Rx

= kRM �

�
h0

ePr � h0
ePr

h0
� 1

�
Rx

= k(RM �Rx):(15)

Note that the e�ect of the P�eclet number Pr is included through k.

2.4. The model equation. Substituting equation (15) into the di�erential equa-
tion (6) our model becomes

(16) axCD
d2Rx

dl2
� (Im � I)

dRx

dl
+ k(RM �Rx)

dI

dl
= 0:

2.5. Boundary conditions. At the tip of the leaf, where l = lm, we consider a
xylem section without the 
uxes at l +�l:

axRxCv(lm)� axDC
dRx

dl
�REEs�l = 0:

But v(lm) = 0, and as �l! 0 we obtain one boundary condition

(17)
dRx

dl
= 0:

The second condition is obtained similarly, by considering the xylem section at
the base of the leaf where l = 0:

axRxCv(0)� axDC
dRx

dl
�REEs�l = 0:

In this case v(0) 6= 0, and as �l ! 0

(18) Rx(0) =
D

v(0)

dRx

dl

����
l=0

:

3. Scaling the equation

Dividing equation (16) by Im (where Im is the water loss through transpiration
from de�nition (4)),

0 =
axCD

Im

d2Rx

dl2
�

�
1�

I

Im

�
dRx

dl
+ k(RM �Rx)

d(I=Im)

dl
:

Now set f = 1�I=Im, noting that f is a monotonically increasing function ranging
from 0 to 1, which denotes the fraction of water not yet transpired. (Note, when E
does not vary with l (length along the leaf), then f = 1� l=lm from de�nition (4).)
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Including f in the above expression, and since v(0) = Im=(axC) is the velocity in
the xylem at the leaf base,

0 =
D

v(0)

d2Rx

dl2
� f

dRx

dl
+ k(RM �Rx)

�
�
df

dl

�

=
D

v(0)l2m

d2Rx

d(l=lm)2
�

f

lm

dRx

d(l=lm)
+
k(RM �Rx)

lm

�
�

df

d(l=lm)

�
:

We now apply a change of variable: x = 1� l=lm and y = (�M ��x)=�M , where
�x = Rx=Rs�1 (and �M = RM=Rs�1) with Rs the isotope ratio of source water.
Thus x is a measure of distance along the leaf, with x = 1 at the base and x = 0
at the tip. We de�ne �x as the isotopic composition in xylem water (�M as the
maximum such composition), and thus y is a proportional measure of the distance
of �x from a maximum value �M , and y 2 [0; 1]. The P�eclet number relates
the advective 
ux to the di�usive 
ux through the ratio (velocity � distance)=D.
Setting P = v(0)lm=D, where P is the P�eclet number for the longitudinal 
uxes in
the xylem, leads to a simpler form of the equation:

0 =
1

P

d2Rx

dx2
+ f

dRx

dx
+ k(RM �Rx)

df

dx

= �
1

P

d2y

dx2
� f

dy

dx
+ ky

df

dx

=
d2y

dx2
+ Pf

dy

dx
� kPy

df

dx
:

The boundary conditions require the same variable transformation. Noting that
at l = lm we have x = 0, the �rst condition (equation (17)) transforms to

dy

dx
= 0 at x = 0:

For the second condition (equation (18)), at l = 0 we have x = 1. In terms of the
new variables x and y,

0 = Rx(0)�
1

P

dRx

d(l=lm)

����
l=0

= RM � y(1)RM �
1

P
RM

dy

dx

����
x=1

= 1� y(1)�
1

P

dy

dx

����
x=1

:

Thus, for independent variable x (where x is a measure of distance along the
leaf, x = 1 � l=lm) and dependent variable y (a measure of the isotope ratio,
y = 1��x=�M ), both dimensionless and de�ned over the unit interval [0; 1], and
f = f(x) (the fraction of water not yet transpired), the model is

(19) y00 + Pf(x)y0 � kPyf 0(x) = 0;

with conditions,

(20) y0(0) = 0 and y(1) = 1�
y0(1)

P
:

This equation is a homogeneous, linear, second-order di�erential equation. Both
k and P are assumed constant in this application, with the biologically relevant
parameter intervals P � 1 and 0 < k � 10 [10]. Di�erentiation is taken with
respect to x.

In general, f(x) is a monotonically increasing function with x 2 [0; 1], ranging
between f(0) = 0 and f(1) = 1. Since the exact form of f(x) is unknown, and a
general solution to the equation is not available for arbitrary f , we �rst solve the
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Figure 2. Graph of f = x�.

equation for the speci�c case of f(x) = x, whence f 0 = 1. Then we extend these
results to include solutions to equation (19) with f = x� (� > 0), which constitute
a family of monotonically increasing functions on the interval, encompassing both
convex and concave forms. Typical forms of f are illustrated in Figure (2).

4. Solving the model equation

The solution to equation (19) does not present in a simple form, rather in a
form involving special functions; in particular, in the form of Kummer functions, a
special case of the hypergeometric function. These functions will be de�ned below
where they emerge in the solution.

First we will solve the equation for the particular case of constant transpiration
rate across the leaf, f(x) = x, using the power series method of solution. This case
and method are described in [8], but we outline them here for completeness. We
then solve the general case for variable transpiration rate, f(x) = x�, using the
con
uent hypergeometric equation method of solution.

4.1. Power series method of solution for particular case f(x) = x. Set

(21) y =

1X
n=0

anx
n;

and then we can write equation (19) as

(2a2 � Pka0) + (6a3 + Pa1 � Pka1)x+ (12a4 + 2Pa2 � Pka2)x
2 + : : : = 0:

Equating each coeÆcient of the powers of x to zero we obtain expressions for a2,
a3, a4 and so on. Substituting these into the series solution (21),

y = a0 + a1x+
Pka0
2

x2 +
Pa1(k � 1)

6
x3 +

Pa2(k � 2)

12
x4 + : : :

= a0

�
1 +

Pk

2!
x2 +

P 2k(k � 2)

2� 12
x4 + : : :

�
+ a1x

�
1 +

P (k � 1)

6
x2 + : : :

�
:

The �rst condition from equation (20) implies that a1 = 0 and thus the second
term is zero.
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Applying the transformation z = �Px2=2,

y = a0

 
1 +

�k
2
1
2

z +
�k
2
1
2

�
�k
2 + 1

�
3
2

z2

2!
+
�k
2
1
2

�
�k
2 + 1

�
3
2

�
�k
2 + 2

�
5
2

z3

3!
+ : : :

!

= a0�

�
�
k

2
;
1

2
; z

�
:(22)

This series is de�ned as the Kummer series, or con
uent hypergeometric series, and
in general [1],

(23) �(a; b; z) =1 F1(a; b; z) =

1X
n=0

a(a+ 1)(a+ 2) : : : (a+ n� 1)

b(b+ 1)b+ 2) : : : (b+ n� 1)

zn

n!
:

The second boundary condition from equation (20) de�nes a0. Following the
variable transformation z = �Px2=2, the second condition becomes,

yz(�P=2) = 1 + y0z(�P=2);

where the subscript z implies y = y(z) and di�erentiation is with respect to z. Thus

yz

�
�
P

2

�
= 1 + a0

d

dz

�
�

�
�
k

2
;
1

2
; z

��
z=�P=2

= 1 + a0(�k)�

�
1�

k

2
;
3

2
;�

P

2

�
;

where we have used the identity [1],

(24)
d

dz
�(a; b; z) =

a

b
�(a+ 1; b+ 1; z):

We can then solve for a0, and substituting back into equation (22),

(25) yz =
�
�
�k
2 ;

1
2 ; z
�

�
�
�k
2 ;

1
2 ;�

P
2

�
+ k�

�
1� k

2 ;
3
2 ;�

P
2

� :
Applying further identities for Kummer functions [1],

�(a; b; z) = ez�(b� a; b;�z);(26)

0 = �(a; b� 1; z)�
a

b� 1
�(a+ 1; b; z) +

a� b+ 1

b� 1
�(a; b; z);(27)

with a = �k=2 and b = 3=2 in the latter, the solution can be written as

(28) yz =
�
�
�k
2 ;

1
2 ; z
�

(1 + k)�
�
�k
2 ;

3
2 ;�

P
2

� = e
P

2 +z

(1 + k)

�
�
k
2 +

1
2 ;

1
2 ;�z

�
�
�
k
2 +

3
2 ;

3
2 ;

P
2

� :
4.2. Con
uent hypergeometric form method for general case f(x) = x�.
Setting f(x) = x�, and then f 0 = �x��1, equation (19) becomes

(29) y00 + ax�y0 + bx��1y;

where a = P and b = �kP�. We apply a transformation which converts our
equation into the general con
uent hypergeometric form. Let z = x�+1, and then
equation (29) converts to

(� + 1)2zy00z + (�+ 1)(az + �)y0z + by = 0;

where the subscript z implies y = y(z) and di�erentiation is with respect to the new
variable z. The hypergeometric function solution to general di�erential equations
of the form

(a2z + b2)y
00 + (a1z + b1)y

0 + (a0z + b0)y = 0;
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is given in [15] as

yz = C1�

�
b

a(�+ 1)
;

�

�+ 1
;�

az

�+ 1

�
+ C2	

�
b

a(�+ 1)
;

�

�+ 1
;�

az

�+ 1

�

= C1�

�
b

a(�+ 1)
;

�

�+ 1
;�

az

�+ 1

�

+C2

2
4 �

�
1� �

�+1

�
�
�

b
a(�+1) �

�
�+1 + 1

��� b

a(�+ 1)
;

�

�+ 1
;�

az

�+ 1

�

+
�
�

�
�+1 � 1

�
�
�

b
a(�+1)

� z(1�
�

�+1)�

�
b

a(�+ 1)
�

�

�+ 1
+ 1; 2�

�

�+ 1
;�

az

�+ 1

�35

= C1�

�
�

k�

�+ 1
;

�

�+ 1
;�

Pz

�+ 1

�
;

where C1 and C2 are arbitrary constants. The second term of the full solution has
coeÆcient C2 = 0 in order to satisfy the �rst condition of equation (20).

Constant C1 can be established from the second boundary condition of equation
(20): Since

y0 =
dy

dx
=

dy

dz

dz

dx
= y0z

dz

dx
;

then the boundary condition, in terms of the new variable, becomes

y(1) = 1�
y0(1)

P
) yz(1) = 1� y0z(1)

(�+ 1)

P
:

Thus, applying identity (24),

C1�

�
�

k�

�+ 1
;

�

�+ 1
;�

P

�+ 1

�
= 1� C1k�

�
�

k�

�+ 1
+ 1;

�

�+ 1
+ 1;�

P

�+ 1

�
;

whence we can solve for C1 and

yz =
�
�
� k�
�+1 ;

�
�+1 ;�

Pz
�+1

�
�
�
� k�
�+1 ;

�
�+1 ;�

P
�+1

�
+ k�

�
� k�
�+1 + 1; �

�+1 + 1;� P
�+1

� :
Applying identities (26) and (27), with a = �k�=(�+ 1) and b = 1 + �=(�+ 1) in
the latter, this solution can be expressed as
(30)

yz =
�
�
� k�
�+1 ;

�
�+1 ;�

Pz
�+1

�
(1 + k)�

�
� k�
�+1 ;

�
�+1 + 1;� P

�+1

� =
e

P

�+1 (1�z)�
�
�(k+1)
�+1 ; �

�+1 ;
Pz
�+1

�
(1 + k)�

�
�(k+1)
�+1 + 1; �

�+1 + 1; P
�+1

� :
Note that with � = 1 (that is, for f(x) = x), and recalling that z = x�+1 here,

this equation reduces to equation (28) as expected.

5. Properties of the solution

5.1. Convergence of the series. We show below that, although solution y (equa-
tion (30)) is comprised of two in�nite series, it converges for all values of the pa-
rameters.

A series is convergent if the ratio of the coeÆcients of two sequential terms in
the series approaches zero (see, for example [13]).Using this ratio test, it can be
shown that

�

�
�(k + 1)

�+ 1
;

�

�+ 1
;
Px�+1

�+ 1

�
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converges for all x, with x 2 [0; 1]. Consider the ratio of the coeÆcients of two
consecutive terms:

�
�(k+1)

�
�

�+1

��
�(k+1)
�+1 +1
�

�+1+1

�
: : :

�
�(k+1)
�+1 +n
�

�+1+n

�
1

(n+1)!

�
P
�+1

�n+1
�

�(k+1)
�
�

�+1

��
�(k+1)
�+1 +1
�

�+1+1

�
: : :

�
�(k+1)
�+1 +(n�1)
�

�+1+(n�1)

�
1
(n)!

�
P
�+1

�n :

Simplifying, and examining the limit as n!1,

lim
n!1

�
�(k + 1) + n(�+ 1)

�+ n(�+ 1)

1

n+ 1

P

�+ 1

�
= 0;

since for large n, [�(k + 1) + n(� + 1)]=[� + n(� + 1)] ! 1. Thus the Kummer
series above is convergent for all x. (In the same way, it can be established that
the Kummer function denominator of equation (30) converges for all k and P .)

5.2. The integral
R
y df . In order to match the properties of the model with

experimental data, it is useful to evaluate the integral of the solution over f .
We can re-arrange equation (19) to give

y =
1

Pk

�
y00

dx

df
+ Pfy0

dx

df

�
:

Then Z 1

0

y df =
1

Pk

�Z 1

0

y00
dx

df
df + P

Z 1

0

fy0
dx

df
df

�

=
1

Pk

�Z 1

0

y00dx+ P

Z 1

0

fy0dx

�
:(31)

Applying the boundary conditions of equation (20),Z 1

0

y00dx = y0(1)� y0(0) = (1� y(1))P;

and integrating by parts, it follows thatZ 1

0

fy0dx = fyj
1

0
�

Z 1

0

y
df

dx
dx = y(1)�

Z 1

0

y df:

Substituting back into equation (31),Z 1

0

y df =
1

Pk

�
(1� y(1))P + P

�
y(1)�

Z 1

0

y df

��

=
1

k
�
y(1)

k
+
y(1)

k
�

1

k

Z 1

0

y df

=
1

k
�

1

k

Z 1

0

y df:

Thus

(32)

�
1 +

1

k

�Z 1

0

y df =
1

k
)

Z 1

0

y df =
1

k + 1
:
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5.3. The integral
R
y dx. In the special case when � = 1 and f = x, we have from

above

(33)

Z 1

0

y df =

Z 1

0

y dx =
1

k + 1
:

However, for � 6= 1 this does not hold.
With f = x�, equation (19) becomes

y00 + Px�y0 � kP�x��1y = 0:

Thus

y =
1

kP�
x1��y00 +

1

k�
xy0;Z 1

0

y dx =
1

kP�

Z 1

0

x1��y00dx+
1

k�

Z 1

0

xy0dx:(34)

Integrating the �rst term on the RHS,Z 1

0

x1��y00dx = x1��y0j
1

0
� (1� �)

Z 1

0

x��y0dx = y0(1) + (�� 1)

Z 1

0

x��y0dx:

and integrating the second term givesZ 1

0

xy0dx = xyj
1

0
�

Z 1

0

y dx = y(1)�

Z 1

0

y dx:

Substituting back into equation (34), and applying the boundary conditions,Z 1

0

y dx =
1

1 + k�

�
y0(1)

P
+ y(1) +

(�� 1)

P

Z 1

0

x��y0dx

�

=
1

1 + k�

�
1 +

(� � 1)

P

Z 1

0

x��y0dx

�
:(35)

Clearly, for � = 1 this reduces to 1=(1 + k) as expected.
Since y0 � 0 on the interval (see below), thenZ 1

0

y dx �
1

1 + k�
if � > 1; and

Z 1

0

y dx �
1

1 + k�
if � < 1:

In Section 7.2 (to come), we show that when P is large, the solution can be estimated
by equation (46), for which the integral is

(36)

Z 1

0

P

P + k�
xk� dx =

�
P

P + k�

��
1

1 + k�

�
�

1

1 + k�
for P � k�:

5.4. The derivative. We can show the solution equation (30) to be monotonically
increasing over the interval [0; 1], by examining the derivative.

Let

A = �
k�

�+ 1
; B =

�

�+ 1
and z = x�+1;

so that, from identities (24) and (26),

y =
e

P

�+1 (1�z)

k + 1

�
�
B �A;B; Pz

�+1

�
�
�
B �A+ 1; B + 1; P

�+1

� ;

y0 =
e

P

�+1 (1�z)Px�

k + 1

2
4 B�A

B �
�
B �A+ 1; B + 1; Pz

�+1

�
��

�
B �A;B; Pz

�+1

�
�
�
B �A+ 1; B + 1; P

�+1

�
3
5 :

(37)
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Note that �, P and k are positive, and x 2 [0; 1]. Now, since 0 � B � (B � A),
then (B�A+n)=(B+n) � 1 for all positive integers n. Expanding the numerator
within the square brackets of y0 above, it follows from the de�nition of Kummer
functions that y0 � 0.

Note, from the second condition of equation (20), y0(0) = 0, so that the solution
curve is either constant, or concave upwards through x = 0 with y00(0) � 0 there.

6. Relating our solution and its properties to the biology

In order to relate our results to the biology, we use solution y to establish the
isotopic enrichments in the xylem, at the sites of evaporation, in the lamina mes-
ophyll and in the veinlets which link the xylem to the lamina mesophyll, relative
to source water: that is, �x, �e, �rl and �rv , respectively. We then establish
epressions for the average of each of these, across the whole leaf, and discuss their
signi�cance.

6.1. Isotopic enrichment of the xylem, lamina and evaporation sites. From
our de�nition of y, in the �rst paragraph of Section 3, we have y = (�M ��x)=�M

where �x = Rx=Rs � 1 is the oxygen isotopic composition in xylem water, and
�M = RM=Rs�1 is the maximum such composition. (Recall that Rs is the isotopic
ratio of source water entering the leaf base, and RM is the maximum possible ratio
in leaf water.) By de�nition,

(38)
�x

�M
= 1� y ) �x = �M (1� y) :

Given the maximum possible enrichment, relative to source water, this expression
applies our solution to describe the enrichment of the xylem water �x.

We can also establish an expression for the isotopic composition at the sites
of evaporation. From equations (14) and (9), and with the usual de�nition of �
(�E = RE=Rs � 1 for transpired water, and �e = Re=Rs � 1 at the sites of
transpiration),

�E =
ePr�x� h0�M

ePr � h0
; and �e = �E + (�x ��E)e

Pr :(39)

In order to establish the average enrichment in the lamina mesophyll (�rl), we
note that water travels from the xylem to the lamina along veinlets. Although the
mass contribution from the water in these veinlets is negligible, compared with that
of the xylem and lamina, they may account for a signi�cant di�erence in enrichment
between the xylem and lamina. We include this concept in our model by considering
the enrichment in each component, the veinlets and the lamina, separately.

For the veinlets the average value of R (the isotope ratio at a location r from
the xylem) over the range of the veinlet, from r = 0 to r = rv , can be found by
integrating equation (8):

Rrv =
1

rv

Z rv

0

Rdr = RE � (Rx �RE)
ePrv � 1

Prv
;

) �rv = �E + (�x ��E)
ePrv � 1

Prv
;(40)

where Prv = vrrv=D is the P�eclet number associated with 
uxes in the veinlets.
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In the mesophyll we calculate the average of R from r = rv to r = re:

Rrl =
1

re � rv

Z re

rv

Rdr = RE � (Rx �RE)
ePr � ePrv

Pr � Prv
;

) �rl = �E + (�x ��E)
ePr � ePrv

Pr � Prv
;

= �E + (�x ��E)e
Pr
1� e�Prl

Prl
;(41)

where Prl = Pr � Prv = vr(re � rv)=D is the P�eclet number associated with 
uxes
in the lamina.

Note that, comparing equations (39) and (41), for Prl > 0 we have �e > �rl

(since (1� e�Prl)=Prl < 1), implying that enrichment near the sites of evaporation
is greater than that in the lamina.

Thus equations (38), (39), (40) and (41) establish the isotopic enrichment in the
xylem, at the sites of transpiration, in the veinlets and in the lamina mesophyll,
respectively, in terms of the solution y (equation (30)) to the di�erential equation
model (19). (Methods for calculating or estimating y are described in Section 7.)
These equations hold, regardless of whether E (the rate of transpiration) varies
across the leaf or not. Variation, due to variation in transpiration rates, enters
through � in solution (30).

6.2. Average isotopic enrichment of the xylem, lamina and evaporation

sites, over the whole leaf. Using the above results, we can now establish spatial
average enrichments, taken over the whole leaf, for the components.

We consider �rst the average enrichment of xylem water, and make use of the
integral established in Section 5.2, equations (33) and (36):

�x =

Z 1

0

�x dx =

8<
:

�M

�
1� 1

1+�k

�
if � 6= 1 and P large;

�M

�
1� 1

1+k

�
if � = 1;

where the equality is approximate for � 6= 1. Since k = h0=(ePr � h0) (equation
(14)),

(42) �x =

�
� h0�M

�
ePr+h0(��1)

if � 6= 1 and P large;

h0�M
1
ePr

if � = 1:

This provides an expression for the average (over a whole leaf) isotopic enrichment
of the xylem water, relative to source water, for the cases of constant or variable
transpiration rates.

For the average enrichment of transpired water we have, from equations (39) and
(42),

(43) �E =
ePr�x � h0�M

ePr � h0
=

�
� h0�M

��1
ePr+h0(��1) if � 6= 1 and P large;

0 if � = 1:

Note that,

�E � h0�M
1

ePr
��1 + h0

;

which is approximately zero when � is close to 1. From equation (43), there is no
enrichment of transpired water relative to source water in the case of constant tran-
spiration, as expected. In the case of variable transpiration rate, the transpiration
weighted average gives the same result (see equation (32)). However, although the
measurement of total transpired water from a leaf will have no enrichment with
respect to source water, the average, as calculated above with respect to length,
need not be zero.
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Further, from equations (39) and (42), it follows that the average enrichment
over all sites of evaporation is

�e = �E + (�x ��E)e
Pr =

(
� h0�M

��1+ePr

ePr+h0(��1) if � 6= 1 and P large;

h0�M if � = 1:

Similarly, the average enrichments for all veinlets and over the whole lamina meso-
phyll follow from equations (40) and (41), together with results (42) and (43) above.
They are, respectively,

�rv =

(
� h0�M

1
ePr+h0(��1)

�
�� 1 + ePrv�1

Prv

�
if � 6= 1 and P large;

h0�M
1
ePr

ePrv�1
Prv

if � = 1;

�rl =

(
� h0�M

1
ePr+h0(��1)

�
�� 1 + ePr 1�e

�P
rl

Prl

�
if � 6= 1 and P large;

h0�M
1�e�Prl

Prl
if � = 1:

(44)

Note that, for Prl > 0 (since (1 � e�Prl)=Prl < 1) we have �e > �rl, indicating
that the average enrichment is greatest close to the transpiration sites.

The signi�cance of establishing the isotopic enrichment in the lamina is that it
translates to organic matter, which can be measured. It is in this mesophyll water
where sucrose is synthesised, and if the P�eclet number is known then humidity and
temperature can be established, which in turn facilitate climate reconstruction.

7. Calculating or estimating model solution y

Solution y, equation (30), to model equation (19) is not straightforward to cal-
culate. Below, we discuss methods of calculating or estimating the solution.

7.1. Mathematical software packages. A mathematical software package can
be used, for example the symbolic packages of Mathematica and Maple, to evaluate
the Kummer function solutions for �xed parameter values.

For Maple, solution (28) can be calculated by setting the parameter values, as
well as a particular z value, and using the command

[> evalf

�
KummerM

�
k

2
+

1

2
;
1

2
; z

��
;

To plot the solution over an interval, apply the command

[> with(plots) : plot

�
KummerM

�
k

2
+

1

2
;
1

2
;
Px2

2

�
; x = 0::1

�
;

The equivalent commands to calculate the Kummer function in Mathematica are,

Hypergeometric1F1

�
k

2
+

1

2
;
1

2
; z

�

although the plotting of this function is complex.
However, such packages are not always available, and some alternative methods

for estimating the solution are suggested below. Such estimates may also reveal
simple behaviour, `hidden' in the Kummer function

7.2. Estimating the solution analytically. There are a number of conditions
under which a solution can be found, which provide a very good estimate of the full
solution (28) or (30). They are simpler to evaluate than the full Kummer function
solution.
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7.2.1. Case of large P . When P is large, P � 10, the di�erential equation (19) can
be approximated by

(45) x�y0 = kx��1y:

This is a separable, �rst-order di�erential equation, with solution

y = Axk�;

where A is the arbitrary constant emerging through integration. Applying the
second boundary condition of equation (20) to solve for A,

(46) y �
P

P + k�
xk�:

When k�� P , then y � xk�.
In particular, when � = 1 and f = x, then y � (Pxk=(P + k)) and y � xk when

k � P .
It should be noted here that, although this function is a good approximation

across most of the [0; 1] interval, it does not approximate well close to x = 0, unless
P � 103 when the y-intercept approaches zero. And it is the behaviour of the
solution in this very region (for x � 1) that is of most interest for the biology, as
in this region a characteristic `
attening' is observed in the collected data. (See
Section 9 to come.)

7.2.2. Special cases which are simple to evaluate. For certain values of k (regard-
less of P ) the Kummer function simpli�es and thus the solution becomes easy to
calculate.

In some cases, many terms of the Kummer function evaluate to zero. Consider
the Kummer function numerator of solution (30):

�

�
�

k�

�+ 1
;

�

�+ 1
;�

Pz

�+ 1

�
=

1 + (�k)
�Px�+1

�+ 1
+

(�k)

1

(�k�+ (�+ 1))

(2�+ 1)

�
�Px�+1

�+ 1

�2
1

2!
+

(�k)

1

(�k�+ (�+ 1))

(2�+ 1)

(�k�+ 2(�+ 1))

(3�+ 2)

�
�Px�+1

�+ 1

�3
1

3!
: : : :

Clearly, when k = 0, all terms after the �rst drop out, and the full solution (30)
is y = 1. In general, if k = n(� + 1)=� for some natural number n, then all terms
after, and including, the (n+ 2)th term are zero.

In particular, when � = 1, f = x and k is even, the solutions are simple to
evaluate. From solution (28)

k = 2 ) y =
1 + Px2

(1 + P )(k + 1)
;

k = 4 ) y =
1 + 2Px2 + 1

3P
2x4

(1 + 2P + 1
3P

2)(k + 1)
;

and so on.

7.2.3. An estimate for y. In Section 5, we established the solution to be conver-
gent, and from the result y0 � 0 we have that on the interval [0; 1] the solution is
increasing, with a minimum at x = 0. Directly from solution equation (30), the
y-intercept decreases from 1 to 0, as parameters P or k are increased. Above, we
have discussed the case for P large, as well as the case when k is an integer multiple
of (�+ 1)=�. When P is small, and k 6= n(�+ 1)=�, we require some other means
for estimating the solution.
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One method, is to calculate the �rst few terms of the full solution, equation (28)
or (30), since x � 1 and the series is convergent. In particular,

(47) y � a0 + a1x
�+1 + a2

�
x�+1

�2
is a reasonable estimate, where the coeÆcients are taken from the series expansion
and are thus

a0 =
1

(k + 1)�
�
�k�
�+1 ;

�
�+1 + 1; �P�+1

� ;(48)

a1 = a0

�
�

P

�+ 1
(�k)

�
;

a2 = a0

 �
�

P

�+ 1

�2
(�k)

1

(�k�+ �+ 1)

2�+ 1

1

2!

!
:

This estimate yields good results while equation (47) is increasing on the interval
[0; 1].

More generally, a reasonable estimate for y is given by a combination of equa-
tions (46) and (47) (the latter being particularly accurate for x close to 0). From
inspection, and for the parameter intervals 0 < k � 1 and 1 � P � 100,

y � a0 + a1x
�+1 + a2

�
x�+1

�2
if xc � 1;

y �

(
a0 + a1x

�+1 + a2
�
x�+1

�2
while x < xc

P
P+k�x

k� while x � xc

)
if 0 < xc < 1;

y �
P

P + k�
xk� if xc is imaginary;

where xc is the positive in
ection point of equation (47). Taking the second deriv-
ative of (47) and equating it to zero gives,

xc =

�
n(n+ 1)

P (n+ 1� kn)

� 1
n+1

:

Further, for Pk > 500, equation (46) is a good estimate.
For the purposes of calculation, and for the particular cases when � = 1=2; 1

and 2, the values for a0 (the y-intercept) can be read from the graphs in Figure (3).

7.3. Graphs of the solution with changing parameters. Finally, some graphs
are included to illustrate how the solution equation (30) behaves, and how it changes
with parameter variation.

Figures (4) and (5) are for the case when � = 1, and parameters P and k allowed
to vary. In general, increases in P and/or k serve to reduce the y-intercept with
y(0) ! 0. Increases in P increase the value of y(1), and y(1) ! 1. In contrast,
increases in k reduce the value of y(1).

Figure (6) illustrates changes in the solution with variations in �. In general,
for � � 1, the solutions (equation (30)) lie above one another, with the uppermost
being that for the least value of �. Thus decreasing � < 1 serves to increase both
y(0) as well as y(1). Increasing � > 1, has the impact of reducing y(1), with the
lowest value of y(1) corresponding to the largest �.

8. Model modification for tapering xylem

In the above formulation, the xylem was modelled with a cylinder of constant
cross sectional area ax along its length. We now relax this assumption, allowing
the xylem to taper, and examine how this impacts on our model.
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Figure 3. Graphs of a0 (equation (48)) for the cases, from the
uppermost, of � = 1=2, � = 1 and � = 2.
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Figure 4. Solution equation (28), with k = 1 �xed, and P varying
from P = 1, through P = 10, P = 100 and P = 300.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

k=0.1 

k=0.5 

k=1 

k=10 

x 

y 

Figure 5. Solution equation (28), with P = 10 �xed, and k vary-
ing from k = 0:1, through k = 0:5, k = 1 and k = 10.

8.1. Model formulation. With reference to our initial formulation, the total mass

ux through advection is balanced by the loss through transpiration, so that equa-
tion (2) is unchanged. However, inclusion of a tapering xylem introduces a further
term in equation (3), since ax is no longer constant. Equation (3) becomes

Cvax
dRx

dl
+Rx

d(Cvax)

dl
= axD

d2(RxC)

dl2
+D

d(RxC)

dl

dax
dl
�REEs;

whence equation (6), with tapering, is

(49) axDC
d2Rx

dl2
� (Im � I)

dRx

dl
+ (Rx �RE)

dI

dl
= �DC

dRx

dl

dax
dl

:
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Figure 6. Solution equation (30), with k = 1 and P = 10 �xed,
and f = x� with values for � given on each graph.

When ax is constant with length, the RHS equates to zero as expected. When
ax = ax(l) then the equation includes contributions from both the advective and
di�usive 
uxes, which depend on the taper of the xylem, dax=dl. The di�usive
contribution is explicit (appearing on the RHS of the equation above), whereas the
advective contribution presents implicitly through the variables I(l) and E(l).

Including transport and di�usion between the xylem and lamina mesophyll fol-
lows in the same manner as for the case of constant xylem cross-sectional area, and
thus equation (49) transforms to

(50) axDC
d2Rx

dl2
�

�
(Im � I)�DC

dax
dl

�
dRx

dl
+ k(RM �Rx)

dI

dl
= 0:

8.2. Boundary conditions. The boundary conditions in this case for tapering
xylem, are identical to those where the xylem cross sectional area was assumed
constant. Thus at the leaf tip equation (17) holds, while at the base of the leaf
there are no changes to the condition (18).

8.3. Scaling the equation. First we make some assumptions about the manner
in which the xylem tapers. We assume the tapering to be approximately linear
([2] and [3]), and that the cross-sectional area at the tip (l = lm) is 
̂ times the
cross-sectional area at the base (l = 0). Then

ax(l) = ax(0)�
(ax(0)� 
̂ax(0))

lm
l = ax(0)

�
1� 


l

lm

�
;
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where 
 = 1� 
̂. Following the same process as in Section 3, and including a linear
taper, we can transform equation (50) to non-dimentional form:

0 = ax(0)

�
1� 


l

lm

�
DC

d2Rx

dl2
�

�
(Im � I)�DC

�ax(0)


lm

�
dRx

dl

+k(RM �Rx)
dI

dl

=
ax(0)DC

Iml2m

�
1� 


l

lm

�
d2Rx

d(l=lm)2

�

��
1�

I

Im

�
+
ax(0)
DC

Imlm

�
1

lm

dRx

d(l=lm)
+

k

lm
(RM �Rx)

d(I=Im)

d(l=lm)

=
ax(0)v0C

Im

D

v0l2m

�
1� 


l

lm

�
d2Rx

d(l=lm)2

�

��
1�

I

Im

�
+
ax(0)v0C

Im

D

v0lm



�
1

lm

dRx

d(l=lm)
+

k

lm
(RM �Rx)

d(I=Im)

d(l=lm)
;

where v0 is the velocity of water at the leaf base. Now, setting

f = 1�
I

Im
; x = 1�

l

lm
; y = 1�

�x

�M
; and

1

P
=

D

v0lm
;

and noting that ax(0)v0C = Im, we have

0 =
1� 
(1� x)

P

d2Rx

dx2
+
�
f +




P

� dRx

dx
+ k(RM �Rx)

df

dx

) 0 =
(1� 
 + 
x)

P

d2y

dx2
+
�
f +




P

� dy

dx
� ky

df

dx
:(51)

For 
 = 0 (no taper) this equation simpli�es to the case of constant ax, equation
(19), as expected.

8.4. Model solution. The authors were unable to obtain a `nice' analytical form
for a general solution to equation (51); however, a number of numerical simulations
were performed in order to compare these solutions which include xylem taper,
with those for the case of cylindrical xylem. The results are presented in Figure 7.

In the special case when � = 1 a solution can be obtained for variable 
, by
applying the same methods as in Section 4:

y =
�
�
�k ; 1� P (1�
)


2 ; �Px

 �

P (1�
)

2

�
�
�
�k ; 1� P (1�
)


2 ; �Px



�
+ k



2�P (1�
)�
�
�k + 1 ; 2� P (1�
)


2 ; �Px



�
!

�(�k; 1;�Px)

(1 + k)�(�k; 2;�P )
= eP�Px

�(k + 1; 1;Px)

(1 + k)�(k + 2; 2;P )
as 
 ! 1:

9. Comparing the model output with biological data

We now examine to what extent the model developed predicts the features seen
in the data, where we will use, as an example for comparison, data collected by Kim
Suan Gan for maize leaves [10],[11]. Such leaves have long (550-900mm), minimally
branched and approximately parallel veins, some of which extend for the full length
of the leaf blade, while others, towards the outer edges of the blade, terminate ear-
lier. Each vein, of which there are typically eight on each side of the mid-vein,
is comprised of, on average, three xylem vessels. Such a con�guration facilitates
reasonable estimates for the relevant P�eclet numbers required for our model appli-
cation, and, while it is recognised that this model remains a simpli�cation of the
mechanisms operating within maize leaves, this con�guration is well suited to our
model.
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Figure 7. The case of no taper and � = 1 is given by the solid
line. The dotted lines represent two cases of tapering with � = 1,
and the dashed curves represent two cases of tapering with � = 2.
(Parameters P = 100 and k = 0:341 are �xed. These values were
chosen to provide a comparison with the data of Section 9.)

Progressive enrichment of water, in both the xylem and lamina mesophyll, was
observed along the length of the leaf blade, varying with both distance along the
blade and proximity to the mid-vein, as well as with relative humidity. Enrichment
in the veins increased towards the leaf tip (with a maximum at the tip), as well as
increasing with distance from the mid-vein towards the edges of the leaf. Although
these features were retained with varying humidity, the magnitude of the changes
along the vein, and outwards from the mid-vein, was much greater under low hu-
midity conditions, with the enrichment rising more steeply near the leaf tip. (For
full details of the measuring process and results, see [11].)

We need to establish measured and modelled quantities which can be compared.
Leaf water in segments of leaf is comprised of contributions from the veins and
lamina, as well as the veinlets between them. Collected data measurements are of
this total leaf water; thus, relative to source water, �lw is measured, and �lw=�M

can be calculated. In order to establish the same quantity from our model output,
we relate the total leaf water in a segment to the relative contributions from the
veins and lamina. For the case of constant or variable transpiration across the leaf,

(52)
�lw

�M
= �1

�x

�M
+ �2

�rv

�M
+ �3

�rl

�M
� �1

�x

�M
+ (1� �1)

�rl

�M
;

where �1+�2+�3 = 1, and each represent the water fraction associated with veins,
veinlets and lamina mesophyll, respectively. �1 is estimated as 0:43 for maize [10],
while �2 � 0 since the mass contribution from the veinlets is negligible compared
with that of the lamina. Thus �3 � (1 � �1) = 0:57. The RHS can be calculated
from our model output through equations (38) and (41), and solution (30).

Further, since our model predicts the enrichment close to, and along, a single
vein, we need to adapt this formulation to the leaf con�guration. In a typical maize
leaf there are eight such veins on either side of the mid-vein, with the outermost
terminating at a distance of 0:6 lm along the blade. Thus we model the system
by summing the contributions from each vein, for which the lengths are taken to
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Figure 8. Leaf water �lw=�M is plotted from the model out-
put (solid line) and from collected data (joined dots), for the
case of constant transpiration rate across the leaf surface, that
is, f = x. The plots on the LHS are for low humidity conditions
with k = 0:125, while those on the RHS are for high humidity
with k = 0:341. The P�eclet numbers (with P = Pl) are as on the
plots.

become progressively longer towards the mid-vein (from 0:6 lm to lm), and smooth
the curves.

Parameters used in the model predictions are as follows. The P�eclet number
associated with longitudinal 
uxes in the xylem was calculated from measurements
in the mid-vein: P � 107 [10]. This estimate was independent of humidity. Since
advection and di�usion in this longitudinal direction also occur in the lamina, and
this e�ect has not been included in the model, the above estimate of P is expected
to be a substantial overestimate for the leaf as a whole: thus we assume a better
estimate of P to be P � 104. The P�eclet number associated with 
ux between
the xylem and lamina was estimated as Pr � 0:8, comprising contributions from
the lamina mesophyll Prl < 2:5 and the veinlets joining the xylem to the lamina
Prv < 0:75 [10]. This leads to an approximation of parameter k from its de�nition
after equation (14). Parameter values for h0 are measured quantities established
at data collection, with h0 = 0:243 for low humidity conditions, and h0 = 0:566 for
high humidity.

Comparisons between the model output (solid lines) and data measurements
(joined dots) are presented in Figures 8 and 9. The model output is calculated
from equation (52) (where �1 = 0:43), with �x, �E and �rl from equations (38),
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Figure 9. Leaf water �lw=�M is plotted from the model out-
put (solid line) and from collected data (joined dots), for the
case of variable transpiration rate across the leaf surface, that is,
f = x�. The plots on the LHS are for low humidity conditions
with k = 0:098 for Pr = 1 and k = 0:125 for Pr = 0:8, while those
on the RHS are for high humidity with k = 0:263 for Pr = 1 and
k = 0:341 for Pr = 0:8. The P�eclet numbers (with P = Pl) and
values for � are as on the plots.

(39) and (41), respectively, solution y from (30) and parameter values as given in
the captions.

For Figure 8, f = x is assumed, implying a constant transpiration rate across
the leaf. Note that, for high humidity, smaller values of the longitudinal P�eclet
number provide a better �t to the data, while for low humidity this sensitivity is
reduced. In general, this was found to be the case suggesting values for P to be
overestimated under high humidity conditions.

Figure 9 introduces the e�ect of varying transpiration rate, with f = x� and
� 6= 1. For low humidity, the inclusion of a variable transpiration rate does not
improve the �t markedly. However, in the case of high humidity, the agreement
between the model and data is signi�cantly increased with � = 1:2. A further
improvement is achieved by adjusting the P�eclet numbers Prv and Prl, as illustrated
in Figure 10. Such a variation remains well within the error margin associated with
the measurements and estimation of these P�eclet numbers.
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Figure 10. Leaf water �lw=�M is plotted from the model output
(solid line) and from collected data (joined dots), for the case of
variable transpiration rate across the leaf surface, that is, f = x�.
The plot illustrates the best �t in the case of high humidity with
k = 0:341. The P�eclet numbers (with P = Pl) and value for � are
as on the plot.

10. Conclusions

We have presented a full formulation and mathematical analysis of the Farquhar-
Gan model, as proposed in [8]. In this paper, the model has been extended to
include the more general case when transpiration rates may vary across the leaf
surface, and where veins taper with length. The model solutions take the form of
special functions, and thus we have presented certain relevant properties of the so-
lutions, and some means of estimating them from simpler functions. Collected data
do not necessarily feed directly into the model parameters, so we have established
the means by which these solutions, and their properties, can be compared with
measurements.

Although the model remains a simpli�cation of the transport processes of heavy
isotopes within the leaf, in general it predicts the main and subtle observed features
of leaf water enrichment. Lower values of the originally estimated P�eclet number
P provide a better �t to the measured data, and, as discussed in Section 9, this
overestimate may result from the exclusion of longitudinal di�usion along the length
of the leaf in the lamina mesophyll. Further, in the case of high humidity, the
extension of the model presented in this paper to include variable transpiration
across the leaf surface, improves the agreement between model predictions and the
observations.

In spite of the close match between model and measurements, there remain
shortcomings in the formulation which require further work. The study highlights
the need for data on tranpiration rates and the nature of its variability across the
leaf surface, in order to establish a `true' functional form for f in our model. Also,
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as noted in the text, Rx is given as the ratio of abundances, H182 O=H162 O, and thus
our model remains an approximation, reliant upon the small relative abundance of
H182 O molecules in leaf water.
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